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Odd-angular momentum exciton states are dark to light in monolayers of transition-metal
dichalcogenides and can be addressed only by two-photon probes. Besides, 2p excitons states are
expected to show a fine splitting that arises from the peculiar electronic band structure of the ma-
terial, characterized by a finite Berry curvature around each valley. In this work we study in detail
the coupling of cavity photons to p exciton states and we find that the introduction of a Skyrmion
in the TMD substrate modifies the selection rules via a matching of the exciton angular momentum
with the Skyrmion topological charge, thus providing a useful tool to detect exciton fine-splitting
via single photon probes.
I. INTRODUCTION
The generic impact of dimensionality and crystal sym-
metries in the excitonic spectrum and the associated
optical selection rules in two-dimensional (2D) crystals
has recently become evident. The rich band struc-
ture displaying band topology and winding numbers has
been shown to be at the origin of novel selection rules
for optical transitions and spectral modifications in 2D
crystals1,2. Among different instances of two-dimensional
material3, monolayers of group VI semiconductor TMDs
have shown remarkable optical properties, that led to a
grown interest in excitons in these materials4–8. Below
the gap the strong Coulomb interaction leads to a dense
series of exciton levels9, whose most prominent peaks are
the so called A and B excitons. Besides, several other
s-wave exciton lines have been detected, that strongly
deviate from the expected hydrogenic series10–12. Higher
angular momentum exciton states are also predicted to
occur13,14, such as p-wave states, that are dark to light,
due to a mismatch of quantum numbers, and are ex-
pected to show a splitting between 2p+ and 2p− due to
a non-zero Berry curvature effect14–16. These findings
open the way to the engineering of novel selection rules
by playing with the fundamental topological properties of
the electronic carriers and the possibility to suitably tai-
lor light-matter interaction to generate novel topological
polaritons17–19.
The quest for topological states of matter have
prompted the relevant role of the Rashba spin-orbit in-
teraction (SOI) as a fundamental ingredient capable to
provide the electronic carriers with a topologically non-
trivial character (see Refs. [20–22] for a review and refer-
ences therein). An analogous object capable of breaking
spin degeneracy and simultaneously imparting a wind-
ing to the electronic carriers is provided by a Skyrmion.
Skyrmions are magnetic coplanar spin textures character-
ized by a topological charge, that arise in magnetic sys-
tems by virtue of the competing tendency of neighbouring
spins to align perpendicularly or parallel, that favours a
chiral order23–25. Several distinct mechanisms can lead to
the formation of Skyrmions, such as the Dzyaloshinskii-
Moryia interaction26,27 or dipolar interaction, and the
typical size can range from nm to µm. Based on a map-
ping between spatially varying in-plane magnetic fields
and the Rashba spin-orbit interaction28,29, a configura-
tion realized by a graphene flake on top of a substrate
containing the Skyrmion has been shown to effectively
generate a Rashba SOI on the top layer carriers30.
In this work we study how to address the predicted
2p± exciton splitting in TMDs and look for a way to re-
solve it experimentally by single-photon probes. Since
the coupling is expected to be very small, we embed the
monolayer in an optical cavity that allows to enhance
the light-matter coupling strength and to study finite
momentum deviations from the optical selection rules.
The results thus naturally extends to systems with cav-
ity polaritons17–19,31.
We first review the impact of the C3 crystal symmetry,
that manifests in trigonal warping corrections in an ef-
fective gapped Dirac Hamiltonian and results in a mixing
between optically bright and dark exciton states in biased
bilayer graphene2. Consistently with previous findings
based on group theory32, we show that parity-mixing in
the spectrum of TMDs due to C3 symmetry allows cou-
pling of photons to two out of the four 2p states, so that
it cannot be exploited to resolve the 2p± splitting.
We then consider a possible Rashba spin-orbit inter-
action that can be engineered in the material and show
that the winding of the spin imparted by the Rashba
SOI to the carriers, combined with an in-plane magnetic
TMD flake
Neel skyrmion
photonic  
cavity
FIG. 1. Schematics of the device: a flake of TMD is deposited
on a substrate containing a Skyrmion and the system is em-
bedded in an optical cavity.
ar
X
iv
:1
90
9.
05
29
7v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
11
 Se
p 2
01
9
2field, allows coupling of light to 2p± excitons states, al-
beit with very small strength due to the weak strength
of the Rashba SOI. In order to overcome the weakness
of the Rashba spin-orbit interaction we suggest to intro-
duce a Skyrmion in the substrate of the system. The
latter generates a spatially varying Zeeman field for the
carriers in the TMD monolayer that is rotational invari-
ant along the z direction. Analogously to the case of
Rashba SOI, a Skyrmion characterized by a unit wind-
ing number can modify the selection rules and mediate
the coupling between photons and p excitons through its
topological charge, that can match the internal angular
momentum of the excitons.
The work is structured as follows: in Sec. II we in-
troduce the excitonic model, by first considering a min-
imal electronic model describing low energy physics at
the K/K ′ points in the Brillouin zone in TMDs, and by
introducing the exciton wave functions. In Sec. III we
introduce cavity photons and describe the light matter
coupling, including corrections due to trigonal warping
terms and the resulting selection rules. In Sec. IV we ad-
dress the 2p± exciton splitting by first studying the effect
of a Rashba SOI and then considering a setup including
a Skyrmion in the substrate. We derive the novel selec-
tion rules and calculate the relevant matrix elements. In
Sec. V we consider the case of spin-unlike exciton and
derive the matrix element for coupling of polarized pho-
tons to 2p± excitons. In Sec. VI we conclude the work
with a summary and some final remarks.
II. EXCITON MODEL
We consider 2D excitons in a monolayer TMD. The
latter has a direct semiconductor gap between conduction
and valence bands located at the K and K ′ points of the
Brillouin zone. Excitons in valley K/K ′ (τ = ±1) at
finite momentum q, principal quantum number n, and
angular momentum ` are described by the state
|Φn,`τ,q〉 =
∑
k
Φn`,τk,q c
†
c,τ,k+q/2cv,τ,k−q/2|0〉, (1)
where cα,τ,k (c
†
α,τ,k) are fermionic annihilation (creation)
operators that remove (add) an electron in the Bloch
state |uα,τk 〉 in valley τ , band α = c, v, and momentum
k, |0〉 is the neutral filled Fermi sea, and Φn`,τk,q is the k-
space exciton wavefunction. The latter is determined by
the electronic Hamiltonian and the Coulomb interaction.
The minimal model describing a monolayer TMD is
given by a gapped Dirac Hamiltonian and accounts for a
direct gap located at the K and K ′ points, as well as di-
rect transitions between conduction and valence band. It
has been recently shown2,32 that the C3 crystal symme-
try allows mixing of even-odd parity selection rules. This
can be seen by noticing that the rich band structure of
the TMDs allows interband transitions at finite momen-
tum via second order processes involving bands higher in
energy. Once projected on the conduction and valence
bands, these processes result in trigonal warping terms,
a reflection of the C3 symmetry of the crystal
33–35. We
then consider an effective two-band model, that at the K
point reads (~ = 1)
H0(k) =
(
∆ vF
(
k− + λtwk2+
)
vF
(
k+ + λ
∗
twk
2
−
) −∆
)
, (2)
with k± = kx ± iky. The Hamiltonian at the K ′ point is
obtained by replacing k± → −k∓ and λtw → λ∗tw. Due
to its microscopic origin the scale λtw is on order of the
lattice constant33.
Additionally, TMDs are characterized by a strong in-
trinsic SOI, that spin-splits the conduction and valence
bands and it is at the origin of the A and B exciton peaks
in the photoluminescence spectra. It is described by the
term
HSOI = −τsz
4
[δc(1 + σz)− δv(1 − σz)] , (3)
with δc, δv > 0 for the case of MoS2 and MoSe2. The va-
lence band splitting is much larger than the conduction
band one. Taking as reference the values determined in
Ref. [33], we have that δv = 146 meV and δc = 6 meV for
MoS2. The strong character of the intrinsic SOI promotes
the eigenvalue s of the sz spin component to be a good
quantum number and locks spin and valley. Depending
on the sign of the conduction band spin splitting, spin-
like excitons are the ground states (for Mo-based com-
pounds) or the excited states (for W-based compounds).
Focusing on A excitons, that involve the upper most spin-
split valence band, allows us to set τs = 1.
The exciton wavefunction Φn`,τk,q entering the state
Eq. (1) is solution of the Bethe-Salpeter equation, that
is obtained by projecting the full Hamiltonian includ-
ing the Coulomb interaction onto two-particle states
c†c,k+q/2cc,k−q/2|0〉. Assuming a bare Coulomb interac-
tion Vq =
2pie2
εq , characterized by the material dielectric
constant ε, the exciton eigenstates are given by the 2D
hydrogen wavefunctions36,37, with an effective Bohr ra-
dius aex ∼ 1 nm.
The 2D hydrogen wavefunctions capture only partially
the problem. First of all, the finite thickness of the mono-
layer results in a screening of the Coulomb interaction,
that is described by a momentum dependent dielectric
function ε(q) = ε(1 + r0q), with r0 a length scale on
order of the monolayer thickness10,11,14. This generates
matrix elements between excitonic states characterized
by different principal quantum number n and a conse-
quent deviation from the 1/(n − 1/2)2 2D hydrogen se-
ries. Furthermore, Berry curvature effects originating
from the microscopic Hamiltonian H0 Eq. (2), have been
shown to be at the origin of fine structure splittings in
the exciton spectrum of TMDs15,16. Due to the pseudo-
spinorial character of the eigenstates of the microscopic
Hamiltonian H0, a correction to the Coulomb potential
arises, that produces a splitting between 2s and 2p so-
lutions and a further fine splitting between 2p± states,
3both proportional to the Berry curvature of the bands
Ω0 ≡ Ω(q = 0) = (vF /∆)2. Finally, the presence of the
trigonal warping terms gives rise to a mixing between ex-
citon states differing by ±3 units of angular momentum.
This effect is expected to be very small and can be safely
neglected.
III. LIGHT-MATTER COUPLING
We consider a planar cavity of height Lz with perfectly
conducting mirrors, in which photons have quantised out-
of-plane momentum kz and carry in-plane momentum
q = (qx, qy). In the lowest subband the momentum takes
the value kz = pi/Lz. For a cavity with perfectly con-
ducting mirrors, the TE and TM modes are degenerate.
In the basis of circularly polarised light, for which we de-
fine the bosonic operators aν,q with polarisations ν = ±,
the photonic Hamiltonian reads18
Hph =
∑
ν,q
~ωqa†ν,qaν,q , (4)
where ωq denotes the photon frequency.
The Hamiltonian for the light-matter coupling is as
usual obtained by minimal coupling substitution k →
k+eA in Eq. (2). The vector potential A couples at first
order to the velocity V τi = ∂H
τ (k)/∂ki and the Hamil-
tonian for the light-matter coupling in valley τ reads
Hlm =
1
2
∑
τ,i=x,y
∫
drψˆ†τ (r){Ai(r), V τi (r)}ψˆτ (r) (5)
with ψˆτ (r) =
∑
k,α e
ik·ruτ,αk cτ,α,k electronic field op-
erators, with uτ,αk eigenstates of the Hamiltonian
Eq. (2), {A,B} = AB +BA, and
V τx (k) = vF [τσx + 2λtw(kxσx − τkyσy)] , (6)
V τy (k) = vF [σy − 2λtw(τkxσy + kyσx)] . (7)
Integrating over the spatial distribution of the cavity
vector potential, the light-matter coupling Hamiltonian
takes the form
Hlm = ie
∑
ν,q
∑
k,α,β
|Aq| 〈uτ,βk−q/2|Pˆν,τ (q,k)|uτ,αk+q/2〉
× c†α,k−q/2cβ,k+q/2(a†ν,q − a−ν,−q), (8)
where Pˆν,τ = cq(V
τ
x −iνV τy )−sqe−2iθq (V τx +iνV τy ), |Aq| =
1/
√
~0Vωq, V is the cavity volume, tan θq = qy/qx, cq =
cos2(fq/2), sq = sin
2(fq/2), and cos(fq) = kz/
√
k2z + q
2
is the angle between the TM mode and the out-of-plane
direction. Introducing σντ = (σx + iντσy)/2 we have
Pˆν,τ (q) =
√
2vF (τσ−ντ + 2λtwkνσντ ) cq
−
√
2vF (τσντ + 2λtwk−νσ−ντ ) sqe−2iνθq . (9)
The coupling matrix element 〈νq|Hlm|Φn,`τ,q〉 at momen-
tum q between an exciton with quantum numbers n and
` in valley τ , and a photon of polarisation ν reads
Γn,`ν,τ = eAq
∑
k
Φτ,n`k 〈uv,τk |Pˆν,τ (q)|uc,τk 〉. (10)
where we neglected the dependence on q of the exciton
wavefunction and the band eigenstates, that give a neg-
ligibly small correction.
For q = 0 and λtw = 0 we recover the characteristic
optical selection rules, that selectively couple polarized
photons to s excitons satisfying ν = τ and d excitons
satisfying ν = −τ . In particular, Γn,`ν,τ = 0 for ` odd.
However, the rich band structure of the TMDs allows
finite coupling via transitions through bands higher in
energy. The additional k± dependence of the velocity
operator Pˆν,τ at finite λtw can compensate the angu-
lar momentum of 2p excitons and the matrix elements
Γn,`ν,τ acquires finite value for ` = ±1. The linear depen-
dence in λtwk produces, once integrated over the exciton
wave function, a coefficient λtw/aB . Second order correc-
tions, that can be obtained by expanding both conduc-
tion and valence band eigenstates at first order λtwξk
2,
with ξ = vF /∆, necessarily bring a factor (λtwξ/a
2
B)
2,
and are suppressed.
At finite q, the presence of the cavity forces the TM
mode to develop a finite angle with the out-of-plane di-
rection, that yields a deviation from the optical selection
rules analogously to the results of Ref. [18], and a finite
coupling of polarized photons to both valleys,
Γ2,`ν,τ = γ0
λtw
aB
[
cqδν,−τδν,−` − sqe−2i`θqδν,τδν,`
]
c2p,
(11)
where γ0 = evF /(aB
√
piωk=00Lz) is the oscillator
strength between cavity photons and 1s excitons, and
c2p = 8/(9
√
6) is a form factor associated to the ratio
between 2p and 1s exciton Bohr radia. Using the param-
eters of Ref. [14], with an exciton Bohr radius in MoS2 on
order of aB ∼ 0.277 nm, realistically gives λtw/aB ' 0.1.
On the other hand, for an effective exciton radius of
aex ' 1 nm, the coupling is reduced.
This result marks a breaking of the optical selection
rules, as anticipated in Refs. [2 and 32], that owes to the
C3 symmetry of the crystal Bloch functions at the K and
K ′ points. Finite coupling to p excitons can be under-
stood by noticing that, upon neglecting the linear in k
term, the Hamiltonian Eq. (2) is equivalent to gapped bi-
layer graphene, for which optical selection rules predict
bright p excitons and dark s excitons. Thus, the C3 crys-
tal symmetry yields a mixing of even-odd parity selection
rules.
IV. RESOLVING THE 2p± SPLITTING
If on the one hand the selection rule Eq. (11) allows
coupling to exciton 2p-states, it does not allow to resolve
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FIG. 2. Schematics of the coupling between polarization
ν photons and spin-like p excitons in valley τ . A N = 1
Skyrmion or the Rashba field can simultaneously mediate a
spin-flip transition and an angular momentum quantum nec-
essary to couple to p excitons. The left and right schemes
refer to the two possible transition to the two 2p± states, in
which the Zeeman and Rashba/Skyrmion term exchange their
role.
the p± splitting predicted by finite Berry curvature ef-
fects. This is due to the fact that out of the four 2p
states, 2p± in valley K and 2p∓ in valley K ′, that are
related by time-reversal symmetry and are pair-wise de-
generate, only two of them (2p+ in valley K and 2p− in
valley K ′) become bright according to Eq. (11). We now
show that the inclusion of a Rashba SOI or the presence
of a Skyrmion on the substrate allow to couple the four
exciton 2p states to the light field.
Before proceeding we adapt the notation to account
for the spin degree of freedom. The spin s eigenstates
of the electronic Hamiltonian H(k) = H0(k) +HSOI are
denoted as |uα,τk,s 〉. The presence of the strong SOI locks
spin and valley, so that at valley τ the lowest energy
transition is between conduction and valence band states
of spin s = τ , so that selection rules for coupling to light
of spin-like excitons is generally written in terms of the
matrix element 〈uv,τk,τ |Pˆν,τ (q)|uc,τk,τ 〉. We now consider the
modification of Γn,`ν,τ due to the presence of Rashba SOI
and the presence of a Skyrmion.
A. Rashba spin-orbit interaction
Let us consider a Rashba SOI, that can be obtained by
sandwiching the monolayer TMD between different mate-
rials, that generate a breaking of the z → −z symmetry,
and can be enhanced by application of an out-of-plane
electric field. We further apply an in-plane magnetic field
that couples to the electronic degrees of freedom via the
Zeeman interaction, so that we add the following term
H1 = HR +HZ ,
H1 = λR(τsxσy − syσx) + 1
2
gµBBsx, (12)
with g the TMD g-factor and µB the Bohr magneton.
We consider the Rashba and Zeeman terms as pertur-
bations and calculate the electronic eigenstates at first
order perturbation theory in H1. This way, for instance
in valley K (τ = 1) we have
|ψα,Kk,↑ 〉(1) = |ψα,Kk,↑ 〉+
1
δα
|ψα,Kk,↓ 〉〈ψα,Kk,↓ |H1|ψα,τk,↑ 〉. (13)
The matrix elements of H1 between the unperturbed
states are given, in a unified the notation, by
〈ψc,τk,−τ |H1|ψc,τk,τ 〉 = −iλRSkeiτφk + VZ , (14)
〈ψv,τk,−τ |H1|ψv,τk,τ 〉 = iλRSkeiτφk + VZ , (15)
with Sk = vF k/
√
(vF k)2 + ∆2, VZ = gµBB/2, where a
crucial winding eiτφk appears due to the Rashba field.
It then follows that the matrix element between con-
duction and valence band 〈uv,τk,τ |Pˆν,τ (q)|uc,τk,τ 〉 can be ex-
panded at second order in the perturbation H1, by ex-
panding the bra at first order in the Zeeman field and
the ket at first order in the Rashba field, and viceversa.
This way, a non-zero matrix element results between con-
duction and valence band, as schematically depicted in
Fig. 2, that is at first order in the Zeeman field and in
the Rashba field, the latter carrying a finite winding that
can compensate the exciton angular momentum of the p
states. The resulting new selection rules read
Γ2,`ν,τ = −iτΓR(δτ,` + δτ,−`)
[
cqδν,τ − sqe−2iνθqδν,−τ
]
,
(16)
where the coupling strength is
ΓR = γ0
λRVZ
δcδv
~vF
aB∆
4
√
2
9
√
3
. (17)
The two terms appearing in Eq. (16) proportional to
δτ,±` are obtained by processes in which the conduction
band eigenstate Eq. (13) is expanded at first order in the
Rashba field and the valence band at first order in the
Zeeman term, and viceversa, as schematically depicted
in Fig. 2.
Clearly, a very strong Rashba SOI is required to over-
come the transition through the valence band, that in-
volves the spin-splitting δv, and have an appreciable cou-
pling. Aiming at ΓR/γ0 ∼ 0.01, for an applied in-plane
field on order of 10 Tesla one needs a Rashba coupling
constant stronger than 10 meV, that is out of reach by
means of a simple gate.
B. Skyrmions
In order to overcome the difficulty posed by the re-
quirement of a strong Rashba coupling constant, we con-
sider to employ spatially varying magnetic fields28,29. It
has been estimated that a Rashba coupling constant of
up to 10 meV can be realized for an array of equally
spaced nanomagnets38,39 with a periodicity of 100 nm.
These numbers are exactly what we need in order to ob-
tain a strong effective Rashba SOI and at the same time
separate the length scales of the exction motion and the
5electronic motion. Unfortunately, the resulting Rashba
misses an important in-plane spin component and the ar-
ray of spatially periodic nanomagnet breaks the rotation
symmetry of the system, that is required to effectively
couple p-excitons to the valence-conduction band transi-
tion. We then resort to the use of a Skyrmion placed in
the substrate, that has been shown to effectively generate
a Rashba SOI on the carriers of a graphene flake placed
on top of a Skyrmion30.
The magnetization field of a Skyrmion is described by a
classical unit vector n(r) that represents a maps from the
one-point compactification of the plane (R2∪{∞} ' S2)
onto the two-sphere spanned by n. The map n : S2 →
S2 is classified by the homotopy class pi2(S
2) ∈ Z that
defines the integer-valued CP1 topological invariant
Q ≡ 1
4pi
∫
dxdy n · ∂xn× ∂yn. (18)
The index Q counts the number of times the Skyrmion
magnetization n wraps around the sphere as it evolves
from the Skyrmion centre to infinity. Parametrizing the
plane in polar coordinates r = (r, φ) and the unit sphere
by (Θ,Φ), the unit vector n is written as
n(r) = (cos Φ(φ) sin Θ(r), sin Φ(φ) sin Θ(r), cos Θ(r)),
(19)
and the mapping is specified by the function Φ(φ) and
Θ(r), as long as the magnetization field becomes φ-
independent far from the Skyrmion center [40]. Choosing
Φ(φ) = Nφ+ γ, (20)
and Θ(r) a function ranging from pi at r = 0 to 0 as
r →∞ we have that Q = N .
The Skyrmion in the substrate generates a spatially
varying Zeeman field described by the term HS = Jn(r) ·
s. Assuming the Skyrmion to vary on a spatial scale
much longer than the inverse intervalley separation, it
is a good approximation to neglect inter-valley scatter-
ing generated by the Skyrmion. This way, the electronic
eigenstates at first order perturbation theory read
|uα,τk,τ 〉(1) = |uα,τk,τ 〉+
1
δα
∑
k′
〈uα,τk′,−τ |HS |uα,τk,τ 〉|uα,τk′,−τ 〉,
(21)
where the spatially varying spin texture couples different
momentum states via the matrix element
〈uα,τk′,−τ |HS |uα,τk,τ 〉 = J〈uα,τk′ |uα,τk 〉
×
∫
drei(k−k
′)·reiNτφ sin Θ(r),(22)
and the second term in the r.h.s. comes from the matrix
element of opposite spin states mediated by the Skyrmion
and contains the winding number N multiplied by the
spin state quantum number s = τ .
By further applying also an in-plane magnetic field in
the, say, x-direction, the matrix element between con-
duction and valence band 〈uv,τk,τ |Pˆν,τ (q)|uc,τk,τ 〉 can be ex-
panded at second order in the perturbation, analogously
to Sec. IV A, by expanding the bra at first order in the
Zeeman field and the ket at first order in the Skyrmion
field, and viceversa.
The resulting selection rules are given by
Γ2,`ν,τ = iτΓS(δNτ,` − δNτ,−`)
[
cqδν,τ − sqe−2iνθqδν,−τ
]
,
(23)
where the role of the winding number N becomes mani-
fest. This way, for a unit winding N = 1 we can couple
to both 2p+ and 2p− state in each valley. The strength
of the coupling is
ΓS = γ0
JVZ
δcδv
cn, (24)
that is completely analog to Eq. (17) obtained for the
case of Rashba SOI (see Fig. 2), with the very difference
that the exchange J can range from from few meV to 100
meV. The coefficient cn . 1 depends on the precise form
of the function Θ(r).
V. SPIN-UNLIKE EXCITONS
So far, along the entire analysis we assumed to deal
with spin-like excitons, that form between electronic
states with same spin. These are the relevant lowest en-
ergy excitons in MoS2 and MoSe2 compounds, where the
sign of the splitting in the intrinsic spin-orbit interaction
Eq. (3) is positive. In the compounds formed with the
transition metal W, that are WS2 and WSe2 we have
δc < 0, so that the lowest energy valence-conduction
band electronic transition is between opposite spin states.
For this reason it does not couple to light, that does not
flip the spin, and it is therefore dark. The spin-orbit
interaction in WS2 and WSe2 is stronger than in Mo-
based compounds, with typical values of δv = 180 meV
and |δc| = 10 meV, so that sz spin component is a good
quantum number and the spin-valley locking is guaran-
teed.
Due to the fact that dark excitons have opposite spin
locked to the out-of-plane direction, an in-plane magnetic
field has been proved effective in coupling s excitons to
light41–43. Analogously, it is clear that a Skyrmion, that
contains both an in-plane magnetic field and a topological
charge that results in a winding of the Zeeman field, can
couple to p excitons at first order perturbation theory.
The calculation goes along the line of the one previ-
ously explained for spin-like excitons. Denoting as |uc,τk,s〉
the bare electronic band eigenstates, the coupling of pho-
tons with polarization ν to spin-unlike excitons with prin-
cipal quantum number n and angular momentum ` is
given by
ΓUnlike = eAq
∑
k
Φτ,n`k 〈uv,τk,−τ |Pˆν,τ |uc,τk,τ 〉. (25)
The matrix element between valence and conduction
band is calculated by expanding the band eigenstates at
6first order perturbation theory in the Skyrmion field as
in Eq. (21) and the result is
ΓUnlike = δν,τ
(
δ`,τN
J
δc
+ δ`,−τN
J
δv
)
ΓAc2p. (26)
The transition to opposite angular momentum ` states
goes via different bands, resulting in a different oscillator
strength. For a Skyrmion sufficiently close to the TMD
sample, the amplitude ΓUnlike is a fraction of the am-
plitude for bright A excitons. In general, in a system
containing several Skyrmions, all with the same wind-
ing N , the signal will be multiplied by the number of
Skyrmions (every transition is independent and among
them incoherent).
VI. CONCLUSIONS
In this work we study how to externally engineer the se-
lection rules for exciton-photon coupling by playing with
the fundamental topological properties of the electronic
carriers. In particular, we address the selection rules for
coupling of photons to dark excitons in transition metal
dichalcogenides, with a particular attention to the pos-
sibility to probe 2p± exciton states. In order to amplify
the signal, we suggest to embed the monolayer TMD in
an optical cavity. The resulting finite momentum selec-
tion rules also describe the matrix element at the origin
of cavity-polaritons.
We first review the origin of the optical selection rules
from a massive Dirac Hamiltonian describing the low en-
ergy electronic degrees of freedom and the resulting cou-
pling to light, showing how trigonal warping terms in
the electronic model can mediate coupling to two out of
the four p states of interest. We then consider the pres-
ence of a Rashba spin-orbit interaction or the presence of
a Skyrmion in the underlaying substrate and show how
the application of an in-plane magnetic field can switch
on a coupling between photons and all four 2p exciton
states. For the case of the Rashba field, the winding im-
parted to the spin degree of freedom by the spin-orbit
coupling mediates a unit of angular momentum at a cost
of a spin-flip process, that has to be compensated by the
in-plane magnetic field. For the case of a Skyrmion, it is
its topological charge that mediates the required unit of
angular momentum. Thanks to their stronger exchange
field, Skyrmions provide a much stronger matrix element
and can be engineered in the substrate. An analogous
mechanism applies to unlike-spin excitons, for which the
spin-flip process accompanying the transfer of angular
momentum does not need to be compensated and directly
provides the correct selection rules.
We believe that the results presented can shed light
on the role of topological invariants in the coupling of
electronic systems to photonic degrees of freedom and
open the way to the engineering and control of topological
light-matter coupling in cavity systems and topological
polaritonics.
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